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Abstract:  This study proposes a methodology to interpret cylindrically propagating elastic waves 

as analogous to waves propagating in Cartesian coordinates. By employing coordinate transfor-

mations and leveraging the symmetry of wave propagation, the approach simplifies the complexi-

ties inherent in cylindrical coordinate systems. This framework enables the application of existing 

Cartesian-based analytical techniques to cylindrical wave problems, providing enhanced computa-

tional efficiency. The proposed method holds potential for various engineering applications, includ-

ing elastic wave-based nondestructive testing and structural optimization, particularly in complex 

media and structures. 
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1. Introduction 

Understanding the elastic effective properties of materials is crucial in a wide range of 

engineering applications, from aerospace structures to biomedical devices [1,2]. These 

properties provide insights into the material’s ability to withstand mechanical forces, 

propagate stress waves, and perform under dynamic conditions. In recent years, the study 

of wave propagation in complex materials has garnered significant attention, as it offers 

a deeper understanding of the interplay between material structure and mechanical be-

havior. 

Among the various methodologies available for studying wave propagation, the trans-

fer matrix method (TMM) has emerged as a powerful analytical and numerical tool [3,4]. 

Its ability to efficiently model wave behavior in layered media and periodic structures 

makes it particularly well-suited for exploring cylindrically propagating waves. Cylindri-

cal wave propagation, which is characterized by its radial symmetry and dependence on 

azimuthal and radial coordinates, is highly relevant in scenarios involving cylindrical ge-

ometries, such as pipelines, acoustic sensors, and composite cylindrical shells. 

Despite the extensive research on TMM and its applications to planar wave propagation, 

relatively few studies have focused on its application to cylindrical wave propagation, 

especially in the context of determining elastic effective properties. This gap in the litera-

ture presents a significant opportunity to extend the utility of TMM to cylindrical geom-

etries, enabling accurate and efficient modeling of wave mechanics in these systems. 

This study aims to develop a comprehensive framework for determining the elastic ef-

fective properties of materials subjected to cylindrically propagating waves using the 

transfer matrix method. By leveraging the inherent advantages of TMM, such as its mod-

ularity and ability to handle multi-layered systems, this approach provides a robust 

means of analyzing wave behavior in complex cylindrical configurations. Additionally, 

the findings of this study will have implications for the design and optimization of mate-

rials and structures with tailored wave propagation characteristics. 
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In the following sections, one first presents a detailed overview of the theoretical foundation of the transfer 

matrix method as applied to cylindrical wave propagation. It then describes the derivation of the elastic effective 

properties and validates the proposed methodology. Finally, one discusses the broader implications of this re-

search and suggests potential directions for future studies in this domain. 

2. Materials and Methods 

The wave propagation of a longitudinal wave on isotropic elastic medium in the cylindrical coordinate can be 

described by using scalar potential function  : 

 ( ) ( ) ( )(1) (2); , i t i t

v r v rr t AH k r e BH k r e   − −= +  (1) 

where   denotes angular frequency and r  and t  respectively represent radial coordinate and time.  A  

and B  are wave amplitude for positive r-going and negative r-going wave respectively. (1)

vH  and (2)

vH  are 

Hankel function of the first and second kind respectively with order number  . rk  represents wavenumber 

along the r-direction. Here, for simplicity, the r-going wave is considered only. The wave number along the   

and z  directions, k  and zk , are set to be zero which otherwise can be written as 0k = =  i  is the imag-

inary unit. This scalar longitudinal wave potential provides displacement and strain field as 
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 0zz r z zr    = = = =  (3c) 

Here the time harmonic term i te −  is omitted for simplicity without loss of generality. The propagating medium 

is assumed to be isotropic satisfying ( )2 , , ,ij ij ije i j r z    = + = , which in turn provides velocity and stress 

field as  
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  and   are the Lame’s constant. 
rr zze   = + +  is dilation and 

ij  is Kronecker delta. These displace-

ment and stress fields provide major physical information of the wave propagation phenomena. The propagation 

of the fields variables otherwise can be written as  
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where 
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One introduces so-called transfer matrix method for a cylindrically propagating elastic longitudinal wave. The 

field variable matrix at point 1r  and 2r  has linear matrix relation as 

 ( )
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where 
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Here matrix 
CylT  is referred to as the transfer matrix in the cylindrical coordinate. This transfer matrix has a 

strong analogy to that of the Cartesian one, which can be written as 
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where 
xk  denotes wavenumber along x-direction and x  represents a coordinate. The diagonalization of the 

transfer matrix ( )1 2, ,Car xk x xT  provides the Eigenvalue matrix which is equal to ( ) ( )1

2 1, ,Car x Car xk r k r−
N N , 

while one of the Eigenvector matrix is given as 
CarM . The Eigenvalue matrix otherwise can be calculated as  

 ( )
1 1

,Car x xk x k
Z Z


− 

= −  
 

M  (9) 

where 
pZ c=  represents characteristic impedance of medium with density   and phase velocity 

( )2 /pc   = +   

Here matrix ( )2,Cyl rk rM  is assumed to be equal to one of the Eigenvector matrix of ( )1 2, ,Cyl rk r rT  while 

( ) ( )1

2 1, ,Car x Car xk x k x−
N N  is equal to Eigenvalue matrix. This assumption is approximately valid at a far-field 

(
2 1, 1r r ). Similarly, the eigenvector matrix ( ),Cyl rk rM  can be simplified as 
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Since Eigenvector matrices otherwise can be calculated as  
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Thus the component of 
CylM  can be seen as an effective impedance ( )n

effZ  of the cylindrical coordinate as 
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Similarly, the analog of the Eigen value matrices provides the calculation of the effective phase shift ( )n

eff  as 
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Then the effective phase velocity ( )n

effc , density ( )n

eff  , and stiffness ( )

11

n

effC  are calculated as 
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 ( )( ) ( ) ( )1/ , 1,2n n n

eff eff effc Z n = =  (15) 

 ( )( ) ( ) ( )

11 , 1, 2n n n

eff eff effC c Z n= =  (16) 

Using these effective properties describe the wave propagation in a Cartesian coordinate can be seen as that in a 

cylindrical coordinate. 

3. Results 

This section is devoted to describing the effective properties of the cylindrical wave propagation and the effec-

tiveness of the approach. Figure 1 shows the schematic drawing of the wave propagation. Axisymmetric geome-

try is considered to present cylindrical wave propagation. The background medium is set to be aluminum (den-

sity  = 2700 kg·m-3, Young’s modulus E =70 GPa, Poisson’s ratio  =0.33), while the medium of interest is set 

to be steel (  = 8000 kg·m-3, E =200 GPa,  =0.29). 0r  and d  are the inner radius and thickness of the me-

dium of interest, respectively. The upper and lower boundaries are subjected to a periodic condition meaning 

that  

 

 

Figure 1. Schematic drawing of a medium of interest to calculate effective parameters. 

 

Equations (12) to (16) provide the effective parameters of the target cylindrical wave. Unlike the Cartesian coun-

terpart, the effective properties of the cylindrical wave vary regarding not only the inner radius but also the 

thickness of the medium and frequency. For simplicity the effect of the inner radius 0r  is focused on. Figure 2 

presents the effective parameters with respect to 0r . The frequency is set to be 100 kHz and d = 5mm. The effec-

tive impedance in Figure 2(a) presents sharply varying section roughly ranging from 01 10  to 12 10 . Presented 

by a blue shade box. It is referred to as in this section as cylindrical-dominant range. Impedance in this section 

has complex impedance meaning that decaying of the wave amplitude as the wave travels. As 0r  increases, the 

effective impedance converges to 3.96 10  kg·m-2·s-1 and impedance imaginary converges to zero. Note that this 

value is the impedance in a Cartesian coordinate. This stems from the fact that wave propagation for considerably 
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large inner radius may be regarded as the propagation in the Cartesian coordinate. This tendency can be also 

found in effective phase, density, and stiffness plot in Figure 2(b) to 2(d). Their values also converge to the Car-

tesian one. The complex values in the cylindrical dominant section are observed. 

 

 

Figure 2. Effective properties that represent the wave propagation in a cylindrical coordinate: (a) Effective impedance; 

(b) effective phase shift; (c) effective density; (d) effective stiffness. 

4. Discussion 

The cylindrical effective parameters converge with Cartesian’s. This convergence indicates the validity of sug-

gested approach, since the wave propagation in considerably large size of radius can approximately be consid-

ered as Cartesian wave propagation. Much meaningful region is cylindrical-dominant range at a relatively small 

0r . This varying material property indicates that translating the wave physics of a cylindrical coordinate requires 

complicated material properties even complex. However, considering that understanding of a near field (or small 

0r ) physics remains conundrum, these artificially calculated effective properties may provide clues for deeper 

understanding. For the future study, verification of this estimated parameters will be performed. It is considered 

that the comparison of the transmission and reflection coefficient over frequencies between original cylindrical 

wave and Cartesian estimation using effective parameters for a given 
0r . 

5. Conclusions 

Unlike wave propagation in a Cartesian coordinate, those in a cylindrical coordinate are relatively less revealed. 

If one can utilize the profound understanding of Cartesian wave propagation, it provides great possibility to 

understand the wave physics in a cylindrical coordinate. To this end, one introduces cylindrical effective param-

eters—impedance, phase shift, density, and stiffness—that translate complicate wave phenomena of the cylindri-

cal coordinate to Cartesian one based on the transfer matrix method-based approach. One utilizes the similarity 

of the transfer matrices in both coordinates and assumes that composition matrix of the cylindrical may be treated 

as equivalent one to the Cartesian one. This assumption subsequently provides cylindrical effective parameters. 

The obtained parameters vary considerably for the relatively small values of inner radius 
0r  but converge to the 

Cartesian parameters for the large 
0r . 
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